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Abstract 

<U ■ A new formulation of simple D = 4 supergravity in terms of the geom- 

etry of superspace is presented. The formulation is derived from the gauge 
theory of the inhomogeneous orthosymplectic group I0Sp(3, 1|4) on a (4,4)- 
I dimensional base supermanifold by imposing constraints and taking a limit. 

' Both the constraints and the limiting procedure have a clear a priori physical 

motivation, arising from the relationship between I0Sp(3, 1|4) and the super 
I Poincare group. The construction has similarities with the space-time formu- 

' lation of Newtonian gravity. 

O : PACS: 04.65.+e; 11.15.-q 

CIh 1 Introduction 

The fact that general relativity is a theory of the dynamics of space-time geometry 
• ^ ! leads to the supposition that its supersymmetric version may also have a simple ge- 

^ I ometrical formulation, where the geometry involved is that of superspace. This does 

c3 ■ not appear to be the case, however. The analogue in superspace of general relativity, 

known as gauge supersymmetry P] , is certainly not supergravity, so one must consider 
a more complicated superspace geometry. Nath and Arnowitt 2J obtained supergrav- 
ity from gauge supersymmetry by contracting the tangent-space group 0Sp(3, 1|4) of 
the (4,4)-dimensional supermanifold to its S0(3,l) subgroup and taking a limit, while 
the standard Wess-Zumino formulation E] requires the imposition of constraints 
on the superspace torsion. A drawback of both these formalisms is that they have 
elements, viz the limiting procedure of the former and the constraints of the latter, 
that have no clear a priori physical motivation. In this article we seek a superspace 
formulation of supergravity that, in contrast to the Nath- Arnowitt and Wess-Zumino 
formulations, derives from an a priori, physically motivated principle. 

We shall obtain simple = 4 supergravity from the gauge theory of the inho- 
mogeneous orthosymplectic group IOSp(3,l|4) on a (4, 4)-dimensional base super- 
manifold. This is achieved by imposing constraints and taking a limit, however both 
the constraints and the limiting procedure are determined at the outset by physical 
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considerations. We point out that the resulting superspace geometry has similarities 
with Cartan's space-time formulation of Newtonian gravity . Indeed, the method 
used here to derive supergravity from I0Sp(3, 1|4) gauge theory can also be used to 
derive Cartan's picture of Newtonian gravity from general relativity, when the latter 
is formulated as Poincare gauge theory. 

As explained above, the work described here was undertaken because of drawbacks 
of the Nath-Arnowitt and Wess-Zumino approaches to supergravity. We should men- 
tion a constraint-free, superfield formulation of simple D = 4 supergravity due to 
Siegel and Gates 0, and Ogievetsky and Sokatchev (see P and references therein). 
This superfield approach has the advantage of being analogous to the superfield for- 
mulation of supersymmetric Yang-Mills theory. 

Section 2 uses superspace to explore the relationship between I0Sp(3, 1|4) and the 
super Poincare group; we find that the latter can be obtained from the former by the 
imposition of constraints and the taking of a limit. In Section 3 we derive the super 
Lie algebra of IOSp(3,l|4) and show that one obtains the super Poincare algebra 
by applying the constraints and limit of Section 2. Section 4 provides the necessary 
background in I0Sp(3, 1|4) gauge theory. In Section 5 we apply the constraints and 
limit of Section 2 to the gauge potential and curvature of I0Sp(3, 1|4) gauge theory 
and thereby derive supergravity. We then point out that our results make clear a 
geometrical relationship between supergravity and gauge supersymmetry that has 
similarities with the geometrical relationship between Newtonian gravity and general 
relativity. 



2 Superspace and the super Poincare group 

Superspace is remarkable as a supermanifold in that its coordinates^ = (x^, 9", 9"') 
have different mass dimensions [Z^]: 

K] = -1, n = n = -I- (1) 

The reason for this is that the scale of the supersymmetry generators Qa,Qa is 
chosen to avoid introducing a physically irrelevant constant into the supersymmetry 
algebra |H]. Eqn. has the consequence (though this is sometimes ignored) that 
the canonical metric in flat Riemannian superspace [7] cannot have dimensionless 
components; for distance to be real with units of the canonical metric is 

















fc2^ 



where k is a real constant with [k] = ■ 
H{AZ, AZ) = AZ^ aHh AZ^ 



We then have 



Ax. Ax^ + k'^A9^ Ar - A;^ A^^ A^ 



(2) 



-^Superspace coordinate indices are denoted by A = (^,a,d), orthosymplectic-frame indices by 
A = {m,a,a); rules for super index positioning and manipulation are those of DeWitt \7\. The 
space-time metric has signature +2 and the Infeld-van der Waerden symbols are cr™^^ = 75(^1 o^), 
where a are the Pauli matrices. 
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so distance squared is real with units [x^]^ = —2. 

The group of coordinate transformations that leaves Q unchanged is the ana- 
logue in superspace of the Poincare group in space-time; it is the inhomogeneous 
orthosymplectic group IOSp(3,l|4), i.e. the orthosympectic group OSp(3,l|4) plus 
translations. An I0Sp(3, 1|4) transformation in superspace has the infinitesimal form 



^/A = z^+ ^An + 



where aAr 



\A+n+An 



nA/ 



(3) 



(antisupersymmetric) , 

with constant parameters M.n and S^. Gauge supersymmetry, the analogue in super- 
space of general relativity, can be constructed by gauging I0Sp(3, 1|4) on superspace 
in complete analogy to the manner (discussed in [U], for example) in which general 
relativity is obtained by gauging the Poincare group on space-time. 

Consideration of the geometry of a (4,4)-dimensional supermanifold thus leads 
naturally to the group IOSp(3,l|4); however this group has nothing to do with 
physics. The group relevant to supersymmetric physics is the super Poincare group, 
which gives the following infinitesimal transformation on superspace jHl E] : 

XCO^-e^'C), (4) 

(5) 



X 



/At 



9" 



9° 



9- 



fiua 



fiua 



(6) 



Note that the absence of a dimensionful constant in the last term of (jlj) is a con- 
sequence of (P); this term is also remarkable because in it we have the translation 
parameter of 9 appearing as a "rotation" parameter of x. The metric (j2I) is, of course, 
not invariant under a super Poincare transformation; this becomes obvious when we 
write (IH)-® in matrix form: 



x"" \ 




f xi" \ 




( K 


I3a ^ 


a/if 


\ 


9'" 











1 \ ^M!^" 











\9- ) 









1 ^ ava 
O- ^ 


I 



x" 



g$ 



+ 



(7) 



In the notation of Q the "rotation" matrix in ((7j) is 



/ K 



V ° 



da 
3a S 
1 \ „M!^a 
o A,, 



ap 



fj.ua 



\ 



I An — A^s ^An 



A 








a 







aji 



IJ,a/3 





af3 



(9) 



and the latter is clearly not antisupersymmetric; hence (|7j) does not leave un- 
changed. One can proceed to find geometrical objects such as a metric and a con- 
nection that are invariant under the super Poincare group of transformations dTj), as 
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is done in [Tj and P|. The approach here however will be to explore the relation- 
ship between the super Poincare group and the "natural", canonical structures on 
superspace. 

We can construct an antisupersymmetric matrix from by inserting additional 
elements; the least modification necessary to achieve this results in the matrix 



^An 



A, 



vaa s 
vaa S 



a 



a/3 



Ca 
tiaP S 





ajS 



(10) 



1 



v 



'W^ua 



a' 

2 A/iz/ 



13a 

a 



^a 



1 -v ^ii-va 
o A,, 



'■^ua S 







a/3 





/lua 



(11) 



/3/ 



By replacing the "rotation" matrix in (|7j) with we obtain a transformation that 
does leave the metric unchanged: 



Q,a 




( 



\ 



a' 



I3a 



k'^"v a 
k'^^ua 



|A^,y a 




fiua 



af) 



x"" \ 


1 a'^ 


9" - 









(12) 

The transformations (jl2p are a subset of the I0Sp(3, 1|4) transformations 0, but 
they do not form a group (as is verified by a tedious calculation). Thus, the transfor- 
mations (fT^ are a subset of I0Sp(3, 1|4), not a subgroup. Nevertheless the k ^ oo 
limit of p2|) does give a group — the group of super Poincare transformations (|7j). To 
reiterate this point, in the limit k ^ oo the transformations (jl2p are no longer a 
subset of I0Sp(3, 1|4), but rather form a new group, the super Poincare group. 

These considerations suggest how supergravity may be related to I0Sp(3, 1|4) 
gauge theory. The latter gives us super one-form gauge potentials A^^j^ and "^Ea (the 
latter chosen to be the vielbein^) with values in the super Lie algebra of I0Sp(3, 1|4). 
Now we have seen how to obtain the infinitesimal super Poincare group from in- 
finitesimal I0Sp(3, 1|4) — extract all elements of infinitesimal I0Sp(3, 1|4) of the form 
fjl2p and take k —>■ oo — so we can perform a similar operation with the respective 
Lie algebras. In this manner the potentials ^^^a and are turned into super 
Poincare-algebra-valued objects and it is at this point that one might expect to see 
some physics. 

Note that when /c — >■ oo we lose the metric (j21), though we can preserve a metric 
rj^u in the bosonic sector. This is reminiscent of Cartan's space-time formulation of 
Newtonian gravity J3], wherein one also does not have a metric in the full space 
(space-time) but only in a subspace (3-space). This analogy will be pursued further 
below. 



^We thus have an afftne connection 11 on the principle bundle with fibre I0Sp(3, 1|4). 
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3 Super Lie algebra of IOSp(3, 1|4) and the super 
Poincare algebra 

In order to proceed we require the super Lie algebra of IOSp(3,l|4), which we will 
derive by a method used in ^U] to obtain the Poincare algebra. We shall then 
demonstrate explicitly that this super Lie algebra becomes the super Poincare algebra 
when we select the elements corresponding to ()12|1 and take the limit k ^ oo. 

It will be convenient to write both indices of the 0Sp(3, 1|4) parameters M.n on 
the left; the rule for moving the lower index to the left is the same as if the upper 
index were absent [7]: 

V := (-1)" ^An. (13) 
We write the infinitesimal I0Sp(3, 1|4) element as 

G(l + A, S) = 1 + '-J\ \A - zPa S^. (14) 

Eqn. (fT^ does not serve to define the generatos J\ and Pa completely; we must 
specify how the group element acts on a representation space. We define the element 
()14p to act on a pure vector X in the representation space according to 

'X' =X + l(-l)^(A+n) ^[jA^(x)] \A - «(-l)^^ '[Pa{X)] E^. 

We arrange matters in this way so as to avoid the appearance in the group element 
(fT^ of factors of (—1) that are dependent on representation-space indices, and so 
that the generators obey the super Lie algebra of the group. 

We denote a non-infinitesimal group element by G{L, A) and consider the product 

G{L,A)G{l + A,E)G{L,A)-\ (15) 
Now a non- infinitesimal transformation {L,A), given by 

Z'^ = ^Ln Z^ + A^, 
has as its inverse the transformation (L^^, —L^^A): 

Z"^ = ^L-\ Z'^ - ^L-^n = 

Also, a transformation (L, ^4) followed by a transformation (L, A) is a transformation 
(LL,'LA + ~A). Hence the product ^ is 

G{L, A)G{1 + A, E)G{L-\ -L'^A) = G{1 + LAL-\ -LAL'^A + LE). 

To first order in A, S we therefore have from (fT^ 



G{L,A) 



2- n A 



J\ "A - 2Fa 



G^A)-' 



1 + ^ A "a(^AL-I) - 2Pa ^(LH - LAL-^A) 



■^These complicated issues are discussed both in generality and with many examples (including 
OSp(m|n), but not IOSp(m|n)) in Chapters 3 and 4 of deWitt [71 
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We wish to equate coefficients of \A and in (fTBj). In doing this we must take 
account of the antisupersymmetry of n^A, as expressed in Q; from the antisuper- 
symmetry we obtain 

= _(_l)n(A+i) 



iP^ {^Ln - % "Ah ^L'^ A^) (16) 



lA 
1 



-1)"= uH^ 



'nA = 2 (V - (-1)"" ""H-- nH^ %A) • 



(17) 



Using (fTTj) and the fact that \Hyi vanishes if a and n are of opposite type, we obtain 
from equating coefficients of ^y^^A in (fTHjl 

+ P^^Lu^L-'j,A^-Ps^L^''H''rHn^L-\A^, ^ ^ 

while equating coefficients of in (fTHI) gives 

G{L, A)Pa GiL, A)-' = Pn "La. (19) 

We now apply (fTH|) and (^H)) to the case where G{L, A) is an infinitesimal element 
G{1 + A, S); using ()14|) . (fTHj) now gives for terms of order A and S 



2*^ H ^sA - Pj: J n 



JA_ _ (_i)S+n(A+S)+AS jS^ A^^ 

+ {-lf^PnE^-Ps^H^^HuE^, 



while (fT^ gives 



:"^^s ^nA — Pa 



(20) 



(21) 



Equating coefficients of ^^A and in (j^Uj) and (PT|) we obtain 
A A - (-l)(^+n)(^+=) J\ J\ = z [(-1)^ % J\ - (-l)n(i+2) T^s ^A^ 

_(_l)n(A+E)+AS A^^ jS^ ^ (_l)n(A+T) A^E jTJ ^ ^22) 

A - (-l)^(^+n) A = ^ [-(-1)"^ ^'^s Pn + E//n Ph] , (23) 
Pa Pn - (-1)^" Pn ^a = 0. (24) 

The supercommutation relations ()22|) - P^ constitute the super Lie algebra of 
IOSp(3,l|4). 

Now consider the subset (fT^ of I0Sp(3, 1|4) transformations. In this subset the 
group parameters M.n and have the restrictions 



1 



OA — " A 



"A . _ _ A ^Mi'" 



°A^ = 0, 



"A, = 0, 



(25) 



^A, = a' 



p. 'z:a 



^A ■ = cr^ 



A„ 



A. = p^,."2^ (26) 
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Thus the only independent parameters in ()12|) are 

^A^ and E^. (27) 

We see from (jH)) that with the constraints (j2SI)^(j2EI) the generators congugate to '^^A 
are 

(28) 

The generators conjugate to are still P^, whereas the generators conjugate to 
are now^ ^ ^ 

and those conjugate to are 

Pa + \j% - = + (30) 

We now show that, in the limit k —>■ oc, (j7fjl - (jHnjl (plus P^) are the parameters 
and generators of the super Poincare group. It might appear that we obtain different 
generators depending on whether we take the k ^ oo limit of the left-hand sides or 
right-hand sides of ()29p and ()30|) . but this is not the case: the two J-terms on the left- 
hand sides have a factor of one half because each represents the same independent 
generator of OSp(3,l|4) which is double counted in the summation in (jl4j) : if we 
take /c — > cxD on the left-hand sides then we must drop the factor of one half in the 
remaining J-term since it is then no longer double counted. Thus the right-hand 
sides of ()29|) and ()30|) represent the correct A; — > oo limit of these generators. 

The k oo limit of the subset (fT^ of IOSp(3,l|4) transformations thus has 
group parameters 

^A^ =: X^^, =: C, =: C, and E^" =: a'^ (31) 

with, respectively, group generators 

Pa + r,cj\^=:-iQ^, (33) 
Pa + J%cj\^=:-iQ^, (34) 
and P^. (35) 

It is now a straightforward, though tedious, matter to calculate the algebra of the 
new generators using and from the definitions (IH ^ - ljH^ we obtain, in 

the limit k oo, 

[p^,pj = o = [p^,g,] = [p^,Q^], 
{Qa-,Qp] = o = {(5q,Q^}, 
{Q»,Q4 = 2z<^ P^, 

"^Recall that indices are raised and lowered by and A-ffn, so that J^^ — — — J"^^ — 

k'^J^'^Spa': t>ut the definition of the Infeld-van der Waerden symbols requires us to raise and lower 
the spinor indices of these objects with es, e.g. f ^ ■ = — ct^q" 
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[P„Pu]=0. 

This is the super Poincare algebra, as expected. The infinitesimal group element is, 
from (m, (I2Sl)-(j2ni) and (jn^-(P|). 

G(l + A, H) = 1 + '-Jf^, \; - iP, - Q„ r - r . 

4 IOSp(3,l|4) gauge theory 

Equipped with the super Lie algebra (f^ - P^ we can now construct the gauge theory 
of IOSp(3,l|4). The non-super analogue of this is Poincare gauge theory, and the 
corresponding formulae of I0Sp(3, 1|4) gauge theory will differ only through index- 
dependent factors of minus one. 

We consider the super fibre bundle whose base space is superspace and whose 
typical fibre is I0Sp(3, 1|4). An affine connection on this bundle has a pull-back A 
which takes the form (see p4|l ) 



A = A^ dZ^ = [^^i-l f A - ^Pa XJ dZ^, (36) 

where "^E^ is the superspace vielbein which relates the coordinate frame to the or- 
thosymplectic frame. Under an infinitesimal gauge transformation A transforms to 

y4' = G(l + A, E)-^AG{1 + A, S) + ^(1 + A, E)-^ dG{l + A, E) 

im] =A-'-[J%,A]\A + t[PA,A]E^+'-J% d\K-iPAdE^. 
We use (jHBj) and to evaluate the supercommutators and find 

+ zi-l f^ Pb X dZ"" \A - tPc A^^a E^ + ^ A d^^^A - iPa dE^ 
=:A + 5A. 

Comparing this with ()36p we see that the component parts of the gauge potential 
have the gauge transformations 

J X = H^,A + (-1)^(^+^) E^ - ^Ab X, (37) 

5A\^ = ^Ab,a + (-l)(^+^)(^+^) ^Ab A^ca - ^Ac A^, (38) 

The commutator of two small gauge transformations 5(Ai,Si) and (5(A2,H2) of A 
reads, to leading order, 

[6{A„E,),S{A„E,)]A = S{A',E')A, 
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where 



rZjiA _ A), ^B 

— i^lB ^2 ~ ^^2B ■ 



The pull-back of the gauge curvature is 



l{An,A - (-l)^"An + (-1)^"^A An - An A^)dZ'' A dZ^ 



2 



J\ /?Vn - ^(-1)^" Pa dZ^ A dZ^ 



where 



R\n =(-1)^" ^En,K - X,n + (-1)^^ ""^n - A\^ ^E^, (39) 

_ /'_1^A^ /(A _ I ('_nA(C+B) aA aC 

-(-l)"(^-^^^^)A^cn^V- (40) 
We recognise R^/\ji as the torsion supertensor and R^bau Riemann supertensor: 

R^c = (-l)(^+^)" i?V ""Es ""Ec, (41) 
ncz) = (-1)^^+^)" i^Vn ^i^c "i^D. (42) 
The gauge curvatures satisfy the following Bianchi identities: 

R\ni^ + (-1)^("+^) i?^n.|A + (-1)^(^+") i?V|n = (-l)(^+^)("+^) R\n^ ^E^ 

^(_l)B(E+A)+E(A+n) ^A^^^ Bj^^ ^ (_l)B{A+n) ^A^^^ Bj^^^ ^43) 

R^Am + (-1)^^"^^^ R\m^ + (-1)^^^+"^ i?^BEA|n = 0, (44) 

where | denotes a covariant derivative with connection A^^j^ that acts only on ortho- 
symplectic-frame indices. 

We could now go on to construct gauge supersymmetry, the superspace analogue 
of general relativity. The procedure corresponds exactly to the formulation of general 
relativity as Poincare gauge theory. One takes the superspace version of the Hilbert 
action and finds that it is gauge invariant if and only if the torsion supertensor 
vanishes, which is in turn the requirement that the 0Sp(3, 1|4) potential A^^j^ satisfy 
its equation of motion. However, as discussed in the next section, the dynamics of 
gauge supersymmetry has no relevance for our derivation of supergravity. All of 
the details of I0Sp(3, 1|4) gauge theory necessary to obtain supergravity have been 
presented so we now turn to the derivation. 

5 Supergravity 

Section 121 showed how to obtain the super Poincare algebra from the super Lie algebra 
of I0Sp(3, 1|4). We now use this method to turn the gauge potential and curvature of 
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— 1 

2 ' 














(: 


1 _a6 










1 _afe 
fc2^ 



IOSp(3,l|4) gauge theory into super- Poincare-algebra valued quantities. The result 
is a blend of gauge theory and the super Poincare group, both of which are highly 
significant from a physical standpoint, so we may hope to obtain some supersymmetric 
physics. 

In curved superspace the canonical metric Q with coordinates cannot, in 
general, be introduced in an extended region. The corresponding objects in curved 
superspace are the orthosymplectic frame and the orthosymplectic-frame compo- 
nents of the metric, which we choose in line with (0) and (0): 

[E^] = 1, [E,] = [E,] = 1, (45) 

aHb= \ Psab I ^ = I -^e^" I . (46) 

V 'k'^abj \ j,e-' J 

We choose the superspace coordinates to all have the same, standard, units 

[Z^] = -1 V A (47) 

so that the metric coordinate components 

aGu = aE^ aHb ^Eu 

are dimensionless. In flat superspace the frame E^ may also be taken as a coordinate 
frame and the simplest choice of vielbein (now a coordinate transformation) is then, 
in view of 

/ ™5m \ 
X= . (48) 

V -k^^^J 

We therefore expect to be able to choose a vielbein that reduces to (PS|) when super- 
space is fiat. 

Following the path we have set out, we must extract the part of the I0Sp(3, 1|4) 
gauge potential corresponding to the infinitesimal transformations p2|) and take k — > 
oo. Since we wish to discover what happens to the I0Sp(3, 1|4) gauge transformations 
in this super- Poincare limit, we must perform the same operation on the parameters 
of infinitesimal gauge transformations. Thus, from ()12|) . the translation potentials 
^i?A and parameters are to remain independent, whereas we impose the following 
constraints on the 0Sp(3, 1|4) potentials A^^j^ and parameters 4^.^: 

A- ^ -E^ a-^^ ^Ej, 

Ka = I -FO^n\ '^A lA^nA 0% ] , (49) 



^^n ba- ^ ab 



b 



^Ab=| -^^^'^.S" |'"A„a^"", |. (50) 

fc2 (^na ^ 2 "m b 



Note that and S"^ are the parameters of a gauge transformation and are therefore 
functions of the superspace coordinates Z^. From the derivation in Section |21 we know 
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that, with the constraints ()49|) and the hmit k ^ oo, the gauge potential (jHUj) is super- 
Poincare-algebra valued. Imposing and ()50p on the gauge transformation ()37|) 
of "^E/i gives 



d i^A = ^ ,A + 2 " ^ "A 6 p^"^ « " 



d La = ^ + - ^ A „^ ^ + — ^ i^A 

-2 ^"^m ^A-pa„, =1 Ea. (53) 



On the other hand, with the constraints (j49|) the only independent are now the 
6x8 independent A"*„a- The gauge transformation of A^j^j^ is obtained from ()38|1 
with and pijl : 

^ nA = ^^n,A + A„ A .^^ - — Cr„ ^ ^ (T ^f, J^A + ^^na ^ ^mbd -C/A 

1 T 

- A „^ - ad - ^A + ^ a„fe Ea. (54) 

In light of (j48j) . it is clear from (j51|) - (j53j) that we may choose the order and 
terms of 3^ so that a S-transformation of '%'a leaves its Z",Z"-independent part 
in the form 

/ \ 

(55) 

where e™^, 0"^ and 0"^^ are functions of Z^^ only ((^"^ and 0*^^ a-type). Similarly, 
()54|) shows that we may choose the order Z°' and Z°' terms of "A.„ so that a A- 
transformation of A^^j^ results in 

A";^(Z" = Z'^ = 0) = ^"^^(Z" = Z" = 0) = 0. (56) 

The standard choices (fS^ and (fSUj) amount to a partial gauge fixing. 

We identify the bosonic sector of superspace with space-time. Note that this is 
the largest sector of superspace for which a metric can be retained in the A; — oo 
limit. We see this both from (j46|) and (|55p : the latter shows that the matrix "^Ea does 
not have an inverse when k ^ oo since its body doesn't [7], but we retain a tetrad 
"^Efj_ in space-time. We must then take account of the experimental fact that physical 
fields such as the tetrad show no dependence on the a-type coordinates. Accordingly, 
we must take as the physical fields in space-time 




A 



Ea and A' 



nA\ ) 
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where | means "Z"" = = and k — >■ oo".^ Then with the partial gauge fixing ()55|) 
and (jSUj) we get a physical field content of 

/ \ 

X| ={ \ , (57) 

^^,1 =: r%(Z^), A- J = A- J = 0. (58) 

Note from (j3T|) - (j3^ that the transformation of the physical fields is determined solely 
by 

S'"! =: e"^, E^l =: -C, =: (59) 

'"AnI =: A-;, (60) 

so that (j3^ - (pH) are the physically relevant gauge parameters. With (|37 j) -(|U m) . the 
k oo limit of the transformations (j3T|) - (j3^ is 

'^e-; = e^^^ + e-T\^ + a\,{er, + er,)-X"'^e-^, (61) 
= -2D,C -\)rn<^.n^\^\, (62) 
H\ = -2D,i^-\\\a^-^-J^, (63) 

rifi ^ n,fj, ' ^ n rfi ^ r ^ nfii V^^) 

where is the familiar space-time covariant derivative operator with connection 
r™'^^ that acts only on orthonormal-frame and spinor indices. Eqns. fl6H) - (jMj) are 
the super Poincare gauge transformations of supergravity [121, with gravitino 

V = ^ = (65) 

Turning now to the gauge curvatures, we impose the constraints (^HI) on the 
torsion and take k ^ oo, obtaining 

+2(-l)^ cr\,CE^ -Eu + ""Ej, %), (66) 

DQ / I \An arp arp i / i\A Am _ na hrp 

-^(-1)"^'^^^ ^'"nn O^'i^A, (67) 



R\n = (-1)^" '^i^n.A- '^i?A,n + ^(-l)^A^AO'^,'i?n 



.1 (_l)n(l+A) ^m^^ ^^na^ (g^ 



^Thc standard procedure of "gauge completion", used in both the Nath-Arnowitt and Wess- 
Zumino formulations, can be used to give '^i?A and A"\j^ a complete expansion in the a-type coor- 
dinates when auxiliary fields are added to the theory. |21 El ^ 
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while the same operation on the Riemann supertensor ()4Up produces 

^ nAn — I J-J ^ nn,A ^ nA,n + ^ rA ^ nH I -"-J ^ rH ^ nA' l^^J 
Dm / I \An arp _m 01771 1 / t\A Am _n citt' 

-^(-ir^"^.a'^i?nA",,^crA, (70) 

Dm / I \An _.m aTT' _-m 0771 1 / 1 \A /im _.n 

^ dAn - {-^) ^ aa En,A - CT ad ^A,n + l-ij ^ nA ^ ad 

I ^ „m arp An „ rfc / 1 Nllfl+A) Am _n a77 
+ 2^ afe ^-^a^ ^ - (-1) ^ ^ A „n ad '^'A 



-7;i-^)''^^\rEnA\^aj\, (71) 



pa / -| nAII /im na ^ / -r nAII /im na 

feAn — nn,A "^m 6~2^~ nA,n '^m b 

I /im na /ir „ / -i nAII /im na /ir sc (70\ 

+ nA c ^ sn '^r ^ nH '^m c ^ sA fe) I'^J 

^^AH = -(-l)^"^"nnA^ -(-1)^" ^"nAn ^ "\ 

oAH 2 nil, A m b o nA,ll m o 

I /im nd /ir ^ sc ^ ( i \An Am „ na at sc (7'3\ 

+ nA^m c^sU'^r b ~ ^ ) ^ nll^m c^sA^r fe' y''^> 

-^"mAn = -^'^mAn = 0- (74) 

We introduce a strange covariant derivative operator Va on superspace that acts 
only on orthosymplectic- frame indices m, a, d with a Lorentz connection J^^a- Then 

is the space-time covariant derivative operator (acting on the right). We have 

^^'"ad5A = (75) 

since 

m n Am ^ m An „ fb ^ m An ~ rb 

^ ad •^'A — (7 aa /I „A ~ 2 bd^ rA^n a~ 2" ab ^ rA^n d 

n Am ^ ( m rb , m rb \ An 

— '^ad^nA~2^ " a + " ab^n d)^ rA 

— ^ ad ^ nA ^ ^ ad ^™rA — U. 

By making use of (ffHjl we find a simple relation between (ffn|) - (ffT|l and (|H7jl - (jHH|l so 
that the new Riemann supertensor ()(i9|l - ()74|l can be expressed as 

pm _ /I NAn Am _ Am , Am Ar _ (_T\AU Am Ar ('jf'\ 

^ nAn — I -"-J ^ nn,A ^ nA,n + ^ rA^ nn I ^) ^ rn^ nA' 

pm m pd pm m pa pd pd ri ITI^ 

^ aAn — ^ ad'^ An' -'T' dAn — ad An' mAn — mAn " U, |^ M J 

1 . 1 . 

pa pm na pa pm na ^'7C'\ 

bAn ~ 2 "An^m 6' ^ bAn ~ 2 "^n^^ j,- V°) 
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Comparing this with the k ^ oo hmit of ()49p we see that the various parts of the 
new gauge curvature are entirely analogous to the corresponding parts of the new 
gauge potential. This means that, just like the new gauge potential, the new gauge 
curvature is super-Poincare-algebra valued. 

Using (jKTj) and ()58|1 we obtain from the torsion and Riemann supertensor 

dZHD-dZHD 

i?- ,1 = D, - + ^a\M, K + r,r.) (79) 

i?Vl=A.0^], ^Vl (80) 

TDTn I C"" I — i-r"^ f?^ I D"* I — r?a I 







Tybu 1 _ 




rya 1 


Tim 1 m rya 1 

afMU \ ad 


R\ = 


"^7?"^ nd 

ntiv^rn fe' 



1, 

2' 

where TZ^^n^^, is the space-time Riemann tensor. The Bianchi identities ()43p and 
are still satisfied by jT^-dHS) and (IFf|l .6 

It remains to specify the dynamics of the theory defined by the gauge trans- 
formations (jUT|) - (jMj) and curvatures (f7^ - (jH^ : we shall do this by writing suitable 
equations of motion. The requirement for the equations of motion is not that they be 
covariant under the super- Poincare gauge transformations but that they 

be gauge covariant when F™^^ is on-shell. Although we have obtained this theory 
from I0Sp(3, 1|4) gauge theory, it is fruitless to try to obtain suitable field equations 
by the procedure of imposing our constraints (j49|) and limit — oo on the field equa- 
tions of I0Sp(3, 1|4) gauge theory: the latter can be obtained from a (F^^^ on-shell) 
gauge-invariant action by varying independently the fields "^E^ and A\^, but this is 
inconsistent with the constraints (though not with the limit k oo) so that this 
procedure would not result in super-Poincare-covariant equations. 

The appropriate equations of motion are 

i?-^,|=0, (83) 
^Vh- = 0, (84) 
7^„. e-^ e^^ - R\^, \ ^ - i?^,. | ^ = (85) 

where Tlnv = -R^n^j^l ^'^m is the space-time Ricci tensor. Using (f7^ -(|HT |) in these 
equations, we see that (jH^ determines the space-time torsion T^^^,, 

(jS^ is the gravitino field equation (recall (jHS))) 

a\,D[,r.]e''m = 0, (87) 
and (jH^ is the tetrad field equation 

n;^ + a\air ' D[,r.] + r D^^r.]) = O. (88) 

^In the Wcss-Zumino formulation the constraints on the superspace torsion mean the Bianchi 
identities are no longer identities; rather, they give the field equations of supergravity [3], and this 
is the a posteriori motivation for the constraints. 
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Transvecting (jHHj) with e^^ and using (|H7|) we obtain 

TV^ = 

SO that we may replace TZJ^ in (|HH|l by the space-time Einstein tensor Qfj,m- Employing 
also the the following equivalent form of the gravitino field equation 

we can rewrite (j88|l as 

G'm + l^^'"'' (^maai^u Dx^p - ^A^p) = 0, (89) 

which is the tetrad field equation as it emerges from the supergravity action. As 
discussed in [15", for example, the action giving rise to (jHBjl . ()87|) and ()89p is invariant 
under (jUT|) - (jMj) when (jH^ is satisfied. Therefore (jH^ and (jH3j) are covariant under 
(jniD-dni when (jHSl) is satisfied. 

The geometrical view of simple D = 4 supergravity presented here is that, al- 
though it is not a simple theory of superspace geometry, it is related to a simple the- 
ory of superspace geometry (gauge supersymmetry) in a physically understandable 
way. A comparable theory is Newtonian gravity, which also has a rather complicated 
geometrical formulation, in terms of space-time ^3]. Moreover, Newtonian gravity 
in its space-time form can be derived from general relativity, formulated as Poincare 
gauge theory, by a method analogous to that used here to derive supergravity from 
I0Sp(3, 1|4) gauge theory [Tn|. In place of (jT)) and ^ one has Minkowski coordinates 
with x° = t, not = ct, so that r^oo = — c^- Instead of Q and ((Tj) one has infinites- 
imal Poincare and Galilean transformations; one obtains the latter from the former 
by taking the analogous limit c — > cxd, but here no constraints are required. One then 
imposes a similar limiting procedure on the Lorentz gauge potential of Poincare gauge 
theory. In curved space-time one takes a local frame with tJqQ = —(? and coordinates 
with \x^\ = — 1 (cf. pUj) and (jUj)); a 3-space metric, but not a space-time metric, is 
preserved when c — > oo 14 . The crucial difference from our derivation of supergrav- 
ity is the lack of constraints, which allows one to obtain a suitable Newtonian field 
equation by taking the c ^ oo limit of the Einstein field equation. 

6 Conclusions 

We have obtained a new formulation of simple D = 4 supergravity in terms of the 
geometry of superspace. This formulation makes clear a relationship between su- 
pergravity and the simplest theory of superspace geometry, namely gauge supersym- 
metry. When one views gauge supersymmetry as IOSp(3,l|4) gauge theory, then 
supergravity emerges from manipulating quantities in the theory so that I0Sp(3, 1|4) 
becomes the super Poincare group. This involves imposing constraints and taking a 
limit. 

In thinking about this relationship between supergravity and gauge supersym- 
metry, it is interesting to note that a similar relationship exists between Newtonian 
gravity and general relativity. When one views general relativity as Poincare gauge 
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theory, and when one takes ?7qq = — c^, then Newtonian gravity in its space-time 
form emerges from manipulating quantities in the theory so that the Poincare group 
becomes the Gahlean group. This simply involves taking the limit c — > oo; no con- 
straints are required. 

The only difference between the two relationships 

gauge supersymmetry supergravity 

general relativity —>■ Newtonian gravity 

as described here, is the occurence of constraints in the former. This difference is 
of crucial significance for the dynamics, however; the dynamics of supergravity has 
no simple relation to the dynamics of gauge supersymmetry jl]. Nevertheless, one 
may say that in the geometrical formulation given here, simple D = 4 supergravity 
is more akin to Newtonian gravity than to general relativity. 
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